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Abstract
By elementary manipulation of series together with summations of Gauss and Saalsch7utz, Exton deduced
a new two-term relation for the hypergeometric function 3F2(1). The aim of this research note is to derive
Exton’s result by a very short method.
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By considering the double series and evaluating in two ways by Gauss’s summation theorem and
Saalsch7utz’s summation theorem [2], Exton [1] obtained the following new two-term relation for the
hypergeometric function 3F2 of unit argument:
3F2


a; b; c
; 1
d; e

= (e)(d+ e − a− b− c)(e − c)(d+ e − a− b)3F2


d− a; d− b; c
; 1
d; d+ e − a− b

 : (1)
The aim of this research note is to derive (1) by a very short method. Consider the integral
I =
∫ 1
0
xc−1(1− x)e−c−12F1


a; b
; x
d

 dx: (2)
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If we evaluate this integral, we obtain
I =
(c)(e − c)
(e) 3
F2


a; b; c
; 1
d; e

 : (3)
On the other hand, in (2), if we apply the following Euler’s transformation[2, p.10, Eq.(1.3.15)]
2F1


a; b
; x
d

= (1− x)d−a−b2F1


d− a; d− b
; x
d

 ; (4)
we obtain
I =
∫ 1
0
xc−1(1− x)d+e−a−b−c−12F1


d− a; d− b
; x
d

 dx: (5)
On evaluating this integral, we obtain
I =
(c)(d+ e − a− b− c)
(d+ e − a− b) 3F2


d− a; d− b; c
; 1
d; d+ e − a− b

 : (6)
Thus from (3) and (6), we obtain
3F2


a; b; c
; 1
d; e

= (e)(d+ e − a− b− c)(e − c)(d+ e − a− b)3F2


d− a; d− b; c
; 1
d; d+ e − a− b

 (7)
which is Exton’s result (1).
Remark. It is interesting to observe here that transformation (1) is idempotent: that is, repeating the
relation to the 3F2 in the right-hand side of (1) gives the original 3F2 in the left-hand side.
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